We consider an asymptotically free vectorial SU(Nc) gauge theory with N f massless fermions in a representation R, having an infrared fixed point (IRFP) of the renormalization group at αIR in the conformal non-Abelian Coulomb phase. The cases with R equal to the fundamental, adjoint, and symmetric rank-2 tensor representation are considered. We present scheme-independent calculations of the anomalous dimension γψ ψ,IR to O(∆ 4 f ) and β ′ IR to O(∆ 5 f ) at this IRFP, where ∆ f is an N fdependent expansion parameter. Comparisons are made with conventional n-loop calculations and lattice measurements. As a test of the accuracy of the ∆ f expansion, we calculate γψ ψ,IR to O(∆ 3 f ) in N = 1 SU(Nc) supersymmetric quantum chromodynamics and find complete agreement, to this order, with the exactly known expression. The ∆ f expansion also avoids a problem in which an IRFP may not be manifest as an IR zero of a higher n-loop beta function.
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A fundamental problem in quantum field theory concerns the properties at a conformal fixed point of the renormalization group. A specific question under intensive current investigation concerns the properties of an asymptotically free (AF) non-Abelian Yang-Mills vectorial gauge theory (in d = 4 spacetime dimensions) with a set of massless fermions at an IRFP of the renormalization group in the Coulomb phase, where it exhibits scale and conformal invariance [1, 2]. Here we consider a theory of this type, with gauge group G = SU(N c ) and N f massless fermions ψ j , 1 ≤ j ≤ N f , in a representation R, where R is the fundamental (F ), adjoint (adj), or symmetric rank-2 tensor (S) . The dependence of the gauge coupling g = g(µ) on the Euclidean momentum scale µ is described by the beta function, β = dα/dt, where α(µ) = g(µ)
2 /(4π) and dt = d ln µ. The IRFP occurs at an IR zero of β at α IR . At this fixed point, an operator O for a physical quantity exhibits scaling behavior with [5] . However, conventional series expansions of these quantities in powers of α, calculated to a finite order, do not maintain this scheme-independence beyond the lowest orders. Clearly, it is very valuable to calculate and analyze series expansions for γψ ψ,IR and β ′ IR that are scheme-independent at each order. Some early work was in [6, 7] . A natural expansion variable is
where, for a given N c and R, N u is the upper (u) limit to N f allowed by asymptotic freedom. Scheme-independent series expansions of γψ ψ,IR and β
and [9] 
where d 1 = 0 for all G and R. For general G and R, the κ j were calculated to order j = 3 in [8] and the d j to order j = 4 in [9] , and for G = SU(3) and R = F , κ 4 was computed in [10] and d 5 in [9] .
Here we report our calculations of these schemeindependent expansions of γψ ψ,IR and β ′ IR to the highest orders yet achieved, presenting κ 4 and d 5 for an asymptotically free SU(N c ) gauge theory with a conformal IR fixed point, for R = F, adj, S. We also report our calculation of κ 3 for supersymmetric quantum chromodynamics (SQCD). We believe that our new results are a substantial advance in the knowledge of conformal field theory. Our results have the advantage of scheme independence at each order in ∆ f , in contrast to schemedependent (SD) series expansions of γψ ψ,IR and β ′ IR in powers of α [11] - [16] and they complement other approaches to understanding conformal and superconformal field theory, such as the bootstrap [17] and lattice simulations [18] .
The conventional power-series expansions of β and γψ ψ are
and
where b ℓ and c ℓ are the ℓ-loop coefficients; b 1 [19] , b 2 [20] , and c 1 = 6C f are scheme-independent, while the b ℓ with ℓ ≥ 3 and the c ℓ with ℓ ≥ 2 are scheme-dependent, i.e. they depend on the scheme used for regularization and renormalization [5] . We denote the n-loop (nℓ) β and γψ ψ as β nℓ and γψ ψ,nℓ and the IR zero of β nℓ as α nℓ . The calculation of κ j requires, as inputs, the values of the b ℓ for 1 ≤ ℓ ≤ j + 1 and the c ℓ for 1 ≤ ℓ ≤ j. The calculation of d j requires, as inputs, the values of the b ℓ for 1 ≤ ℓ ≤ j. Thus, importantly, κ j does not receive any corrections from b ℓ with ℓ > j + 1 or c ℓ with ℓ > j, and similarly, d j does not receive any corrections from any b ℓ with ℓ > j.
The coefficients κ j were calculated in [8] for an (AF vectorial) supersymmetric gauge theory (SGT) with gauge group G and N f pairs of chiral superfields in the R andR representation, for j = 1, 2. Complete agreement was found, to the order calculated, with the exactly known result in the conformal non-Abelian Coulomb phase (NACP) [21] [22] [23] 
In this theory, N u = 3C A /(2T f ), and the conformal NACP is the interval N ℓ < N f < N u , where [24] . Hence, γ IR,SGT increases monotonically from 0 to 1 as N f decreases from N u to N ℓ , saturating the upper bound γψ ψ,IR,SGT < 1 from conformal invariance in this SGT [25] . As a test of the accuracy of the ∆ f expansion, we have now calculated κ 3 for SQCD with R = F , using inputs from [26] . We find κ 3 = 1/(3N c ) 3 , in perfect agreement, to this order, with the exact result, Eq. (6). This agreement explicitly illustrates the scheme independence of the κ j , since our calculations in [8] and here used inputs computed in the DR scheme, while (6) was derived in the NSVZ scheme [21] . Our new result has a far-reaching implication: it strongly suggests that κ j = [2T f /(3C A )] j for all j, so that the expansion (2) for this supersymmetric gauge theory, calculated to order O(∆ p f ), agrees with the exact result to the given order for all p.
Because of electric-magnetic duality [22] , as N f → N ℓ in the NACP, the physics is described by a magnetic theory with coupling strength going to zero, or equivalently, by an electric theory with divergent α IR . Hence, another important finding here is that the complete agreement that we obtain in SQCD to O(∆ 3 f ) between Eq. (2) and the exact Eq. (6) holds for arbitrarily strong α IR . Even apart from the issue of scheme dependence in Eq. (5), this agreement could not be achieved with the conventional expansion (5) of γψ ψ,IR in powers of α.
The ∆ f expansion also avoids a problem in which an IRFP may not be manifest as a physical IR zero of the nloop beta function for some n. Indeed, although β nℓ has a physical α IR,nℓ in SQCD for n = 2, 3 loops [27] , we have analyzed β 4ℓ (in the DR scheme), and we find that for a range of N f in the NACP, it does not exhibit a physical α IR,4ℓ . This is analogous to the situation that we found for α IR,5ℓ in the non-supersymmetric gauge theory [16] . In both cases, the ∆ f expansions (2) and (3) circumvent this problem of a possible unphysical α IR,nℓ that one may encounter in using the convention expansions (4) and (5).
We 29] , but only present results here for R = F, adj, S.) The twoloop beta function has an IR zero (IRZ) in the interval I IRZ : N ℓ < N f < N u , with upper and lower (ℓ) ends at
The non-Abelian Coulomb phase extends downward in I IRZ from N u to a lower value denoted N f,cr [30] . Since chiral symmetry is exact in the NACP, one can classify the bilinear fermion operators according to their flavor transformation properties. These operators include the flavor-singletψψ and the flavor-adjointψT a ψ, where T a is a generator of SU(N f ). These have the same anomalous dimension [31] , which we write simply as γψ ψ . For general G and R, the coefficients b ℓ were computed up to loop order ℓ = 4 [32] (checked in [33] ) and the c ℓ also up to loop order ℓ = 4 [34] , in the widely used MS scheme [35] . These results were used in [8] to calculate the κ j to order j = 3 and in [9] to calculate d j to order j = 4. For N c = 3 and R = F , b 5 was computed in [36] , and this was used to calculate κ 4 in [10] and d 5 in [9] for this case (see also [16] ).
We first report our results for κ 4 and d 5 for R = F , using b 5 from [28] . We denote the Riemann zeta function as ζ s = ∞ n=1 n −s . We obtain 
where the simple factorizations of the denominators have been indicated. For this R = F case, we find that κ 4 > 0, as was also true of κ j with 1 ≤ j ≤ 3 (indeed, κ 1 and κ 2 are manifestly positive for any G and R). We also find the same positivity results for R = adj and R = S. The property that for all of these representations R, κ j > 0 for 1 ≤ j ≤ 4 and for all N c implies two important monotonicity results. First, for these R, and with a fixed
is a monotonically increasing function of ∆ f for N f ∈ I IRZ . Second, for these R, and with a fixed N f ∈ I IRZ , γψ ψ,IR,∆ p f is a monotonically increasing function of p in the range 1 ≤ p ≤ 4. In addition to the manifestly positive κ 1 and κ 2 , a plausible conjecture is that, for these R, κ j > 0 for all j ≥ 3. Note that the exact result (6) for the supersymmetric gauge theory shows that in that theory, κ j > 0 for all j and for any G and R.
In Figs. 1 and 2 we plot γ IR,∆ p f for R = F , N c = 2, 3 and 1 ≤ p ≤ 4. In Table I we list values of these γ IR,∆ p f [37] . These all satisfy the upper bound γ IR < 2 from conformal invariance [25] . Below, we will often omit thē ψψ subscript, writing γψ ψ,IR ≡ γ IR and γψ ψ,IR,∆
For this R = F case we first remark on the comparison of γ IR,∆ 4 f with calculations of γ IR,nℓ from analyses of power series in α, which were performed to n = 4 loop level in [11] - [14] using b ℓ and c ℓ in the MS scheme (with studies of scheme dependence in [15] ) and extended to n = 5 loop level for N c = 3 in [16] . We have noted that β 5ℓ does not have a physical α IR,5ℓ for N f in the lower part of the interval I IRZ [16] . Although we were able to surmount this problem via Padé approximants in [16] , these are still scheme-dependent, while the ∆ f expansion has the advantage of being scheme-independent. In general, we find that for a given N c and N f , the value of γ IR,∆ p f that we calculate to highest order, namely p = 4, is somewhat larger than γ IR,nℓ calculated to its highest order [10, 13] . For example, for N c = 3, N f = 12, γ IR,4ℓ = 0.253, γ IR,5ℓ ≃ 0.255 (using a value of α IR,5ℓ from a Padé approximant [10, 16] We next compare our new results with lattice measurements, restricting to cases where the lattice studies are consistent with the theories being IR-conformal [18, 30] . For N c = 3, we compared our calculations of γ IR,∆ 4 f with lattice measurements for N f = 12 in [10] , finding general consistency with the range of lattice results, although our γ IR,∆ 4 f and extrapolation to the exact γ IR were higher than some of the lattice values. We also found consistency for the cases N f = 10 and N f = 8 [10] . Here, we compare with lattice results for γ IR in the case N c = 2, N f = 8. (It is not clear from lattice studies if the SU(2), R = F , N f = 6 theory has a conformal IRFP or not [18, 30, 38] .) Following lattice studies of the SU(2), R = F , N f = 8 theory by several groups [18, 39] , a recent measurement is γ IR = 0.15 ± 0.02 ≡ 0.15(2) [40] . Our value γ IR,∆ 4 f = 0.298 is somewhat higher than this lattice result.
We proceed to discuss d 5 for R = F . In Fig. 3 we plot β ′ IR,∆ p f for R = F , N c = 3, and 2 ≤ p ≤ 5. In Table II 
We remark on the SU(2), N f = 2, R = adj theory, which has been of interest [43] . Extensive lattice studies of this theory have been performed and are consistent with IR conformality [18] . We get β values are close to our n-loop calculations in [13] for this theory, namely γ IR,3ℓ = 0.543, γ IR,4ℓ = 0.500. Lattice measurements of this theory have yielded a wide range of values of γ IR including, 0.49 (13) [44], 0.22 (6) [45] , 0.31 (6) [46] , 0.17(5) [47] , 0.20(3) [48] , 0.50 (26) [49] , and 0.15(2) [40] (see references for details of uncertainty estimates).
Finally, we discuss the case R = S. For SU(2), S = adj, already discussed above. For SU(3), we focus on the N f = 2 theory, for which we find β [37] . For comparison, our n-loop results from [13] for this case are γ IR,3ℓ = 0.500 and γ IR,4ℓ = 0.470. Lattice studies of this theory include one that concludes that it is IR-conformal and gets γ IR < 0.45 [50] and another that concludes that it is not IR-conformal and gets an effective γ IR ≃ 1 [51] .
In summary, we have presented calculations of γψ ψ,IR and β ′ IR at a conformal IR fixed point of an asymptotically free gauge theory with fermions, to the highest orders yet achieved. We believe that these results are of fundamental value for the understanding of conformal field theory, especially because they are schemeindependent.
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[1] The assumption of massless fermions incurs no loss of generality, since if a fermion had a nonzero mass m0, it would be integrated out of the effective field theory at scales µ < m0, and hence would not affect the IR limit µ → 0. 
